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Abstract

Large Language Models have demonstrated impressive reasoning through Chain-of-Thought prompt-
ing, but these approaches require explicit supervision and generate substantial token overhead. This
thesis introduces Dynamic Thinking Tokens (DTT), enabling LLMs to perform reasoning in continuous
embedding space using reinforcement learning without step-by-step demonstrations. DTT integrates
continuous hidden state modulation with Group Relative Policy Optimization (GRPO), employing learn-
able gating mechanisms and adaptive blending parameters that maintain complete differentiability while
avoiding discrete mode transitions. We evaluate DTT on GSM8K, ProntoQA, and ProsQA using a 124M
parameter GPT-2 model. DTT achieves 49-79% token reduction versus Chain-of-Thought while im-
proving over baseline reinforcement learning: 26.8% accuracy on GSM8K (versus 21.3%), 84.9% on
ProntoQA (versus 82.1%), and 82.7% on ProsQA (versus 79.4%). The framework closes approximately
40-45% of the gap to supervised approaches, demonstrating that reinforcement learning can discover

effective latent reasoning strategies autonomously.

Keywords

Large Language Models, Latent Space Reasoning, Reinforcement Learning, Chain-of-Thought, Efficient

Inference






Resumo

Os Large Language Models demonstraram capacidades impressionantes de raciocinio através de técni-
cas como Chain-of-Thought prompting, mas estas abordagens requerem supervisao explicita e geram
overhead substancial de tokens. Esta tese introduz Dynamic Thinking Tokens (DTT), permitindo que
LLMs realizem raciocinio em espago de embeddings continuo usando reinforcement learning sem
demonstragbes passo a passo. O DTT integra modulagdo continua de estados ocultos com Group
Relative Policy Optimization (GRPO), empregando mecanismos de gating aprendiveis e parametros de
blending adaptativos que mantém diferenciabilidade completa evitando transi¢cdes de modo discretas.
Avaliamos o DTT em GSMB8K, ProntoQA e ProsQA usando um modelo GPT-2 de 124M parametros.
O DTT alcancga reducao de 49-79% de tokens versus Chain-of-Thought enquanto melhora sobre rein-
forcement learning base: 26.8% de precisdo em GSM8K (versus 21.3%), 84.9% em ProntoQA (versus
82.1%), e 82.7% em ProsQA (versus 79.4%). A framework fecha aproximadamente 40-45% da lacuna
para abordagens supervisionadas, demonstrando que reinforcement learning pode descobrir estraté-

gias eficazes de raciocinio latente de forma auténoma.
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Modelos de Linguagem Grandes, Raciocinio em Espaco Latente, Aprendizagem por Reforgo, Cadeia
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1.1 Motivation: The Reasoning Challenge in Large Language Mod-

els

Large Language Models have achieved remarkable success across diverse domains, from natural lan-
guage understanding to code generation. Yet despite these advances, they continue to struggle with
tasks requiring systematic reasoning—a limitation that becomes apparent even in seemingly simple
problems. Consider asking a state-of-the-art model to count the occurrences of the letter ’r’ in the word
"strawberry." As illustrated in Figure 2.5, models that can write sophisticated essays or explain com-
plex scientific concepts often fail at this elementary counting task, revealing fundamental gaps in their

reasoning capabilities.



ChatGPT 40 >

"en,

How many “r"s are there in the word “strawberry”?

uen,

@& The word “strawberry” contains 2 “r"s.
Try harder.

@& Upon closer inspection, the word “strawberry” still contains
exactly 2 "r'"s.

Figure 1.1: State-of-the-art LLMs struggling with a simple reasoning task.

The problem extends far beyond counting exercises. Mathematical word problems requiring multi-
step arithmetic, logical puzzles demanding systematic deduction, and questions requiring navigation
through complex knowledge structures all expose similar weaknesses. When models do succeed at
these tasks, they often require several seconds of "thinking time" and generate verbose reasoning chains
that consume substantial computational resources. A model solving a grade-school math problem might
produce hundreds of tokens explaining each arithmetic operation, when the problem requires only a
simple numerical answer. This verbosity translates directly to increased inference costs, higher latency,
and greater energy consumption—making sophisticated reasoning impractical for resource-constrained

deployments like mobile devices or real-time systems.

The core issue lies in how these models perform reasoning. Current approaches like Chain-of-
Thought (CoT) prompting [2] ask models to explicitly articulate their reasoning steps in natural language
tokens. While this sometimes improves accuracy, it creates a fundamental tension: the model must
simultaneously reason about the problem and express that reasoning in grammatically correct, human-
readable text. This dual burden constrains the reasoning process to follow the linear, token-by-token
structure of language generation. Human reasoning, by contrast, often involves parallel consideration
of multiple possibilities, implicit backtracking when paths prove unfruitful, and intuitive leaps that resist
clean verbal articulation. The sequential token paradigm makes these reasoning patterns difficult or

impossible to represent efficiently.

Moreover, CoT approaches require either carefully engineered prompts that demonstrate reasoning
patterns or expensive supervised fine-tuning on datasets with explicit reasoning annotations. Creating
such datasets demands significant human effort—experts must solve problems while verbalizing their
complete thought processes, a cognitively demanding task that produces data much more slowly than
typical annotation work. For many reasoning domains, particularly those requiring specialized expertise,
collecting comprehensive demonstrations at scale remains prohibitively expensive. This data scarcity

creates a bottleneck that limits the development of more capable reasoning systems.



The computational inefficiency of token-based reasoning becomes particularly problematic in prac-
tical deployments. Educational platforms serving millions of students cannot afford the latency and
compute costs of generating lengthy reasoning chains for every practice problem. Financial systems
making split-second trading decisions cannot wait for verbose explanations. Mobile applications run-
ning on battery-powered devices cannot sustain the memory and energy demands of explicit reasoning
traces. Scientific discovery tools exploring vast hypothesis spaces cannot afford the computational over-
head of verbalizing every intermediate reasoning step. These applications need models that can reason
efficiently—performing complex multi-step inference while generating minimal tokens and maintaining

acceptable response times.

1.2 Our Approach: Reasoning in Continuous Latent Space

This thesis explores an alternative paradigm: enabling models to perform reasoning directly in their
continuous embedding space rather than through sequential token generation. Instead of forcing the
model to express every reasoning step as discrete tokens, we allow it to maintain and refine internal
representations that capture reasoning progress without the overhead of language generation. This
approach draws inspiration from recent work demonstrating that latent-space reasoning can achieve
comparable or superior accuracy to traditional methods while using 50-70% fewer tokens.

To understand our contribution, it is essential to first consider how standard transformers process in-
formation. In a typical transformer architecture, input tokens are converted into embeddings, processed
through multiple attention and feedforward layers, and finally decoded back into output tokens. Each
layer transforms the hidden representations, but there is no explicit mechanism for the model to "pause
and think" between reading the input and producing the output. The model processes information in a
single forward pass, with reasoning implicitly distributed across layers but never explicitly accumulated
or refined.

Our Dynamic Thinking Tokens framework, illustrated in Figure 1.2, extends the standard transformer
architecture with a minimal but crucial addition: a gating layer that creates a reasoning feedback loop.
As shown in the figure, after the embedding layer converts input tokens (shown in yellow and red) into
vector representations, our gating mechanism (indicated by the dashed box) receives two inputs: the
current token embeddings and the hidden state from the previous processing step. This gating layer
dynamically decides how to blend these two sources of information—how much to rely on the immediate
token content versus the accumulated reasoning context.

The key distinction from standard transformers lies in this feedback mechanism. In a regular trans-
former, information flows unidirectionally from embeddings through attention layers to the decoder. In

our approach, the hidden states hq, ho, ..., hs (shown in blue) carry forward a continuous reasoning



5 + 5§ + 5 + 5 = 20

Decoding Layer

Embedding Layer

ITTT

Figure 1.2: Continuous latent space reasoning: modulating internal representations for efficient inference without
generating explicit token sequences. Unlike standard transformers that directly map input embeddings
through attention and feedforward layers to output tokens, our approach introduces a gating layer that
dynamically blends current token embeddings with accumulated reasoning context from the previous
hidden state. The gating mechanism (dashed box) determines how much to rely on discrete token infor-
mation versus continuous reasoning residuals, enabling the model to perform sophisticated reasoning
operations entirely within its latent space before producing a final answer.

context that influences how subsequent tokens are processed. When the model encounters a reason-
ing problem like "4 x 5 =7", it doesn’t just process these tokens independently through attention layers.
Instead, the gating layer allows earlier hidden states to accumulate reasoning progress—for instance,
recognizing that this is a multiplication problem, activating relevant mathematical patterns, and preparing
the appropriate computational strategy—all without generating any intermediate text tokens.

This creates a form of "internal deliberation" where the model refines its understanding across multi-
ple tokens before committing to an answer. The yellow tokens in the input represent the problem context,
while red tokens indicate where the model has sufficient information to engage reasoning. The gating
mechanism learns to recognize these situations and smoothly transition from primarily using token em-
beddings (when reading the problem) to incorporating accumulated reasoning residuals (when solving
it). The final output tokens (shown in red at the top) are produced only after this internal reasoning
process completes, resulting in the direct answer "= 20" without verbose intermediate explanations.

Critically, this entire process remains fully differentiable. The gating decisions are not discrete
switches but continuous blending operations, allowing gradients to flow backward through the reasoning

process during training. This differentiability enables us to train the system using reinforcement learning



with only sparse reward signals—the model simply needs to know whether its final answer is correct or
incorrect, not how to articulate each reasoning step in words.

We introduce Dynamic Thinking Tokens (DTT), a framework that integrates this continuous latent
reasoning with reinforcement learning optimization. Our architecture embeds specialized reasoning
components directly into transformer layers, creating differentiable pathways for refining hidden states
throughout the model's forward pass. These components employ learnable gating mechanisms and
adaptive blending parameters that dynamically interpolate between standard token embeddings and
accumulated reasoning residuals. When the model encounters a reasoning problem, these compo-
nents engage in continuous modulation of internal representations—effectively "thinking" in the high-
dimensional embedding space before producing a final answer.

Critically, this reasoning process maintains complete differentiability, enabling optimization through
policy gradient methods. We employ Group Relative Policy Optimization (GRPO) [€], a reinforcement
learning algorithm that generates multiple candidate solutions for each problem and computes policy
updates based on relative performance within each group. This approach addresses the data scarcity
challenge: rather than requiring explicit demonstrations of correct reasoning steps, the model learns
from sparse reward signals indicating whether final answers are correct. By exploring the continuous
latent space autonomously, the model can discover effective reasoning strategies without step-by-step
human supervision.

The framework employs a sophisticated multi-component optimization strategy that balances preser-
vation of pre-trained knowledge with development of specialized reasoning capabilities. Base trans-
former parameters are optimized conservatively to maintain linguistic competence, while reasoning com-
ponents receive higher learning rates enabling rapid adaptation to policy gradient signals. A gated re-
ward function encourages both correctness and efficiency, penalizing unnecessarily verbose outputs to
promote concise latent reasoning. This design enables the model to discover when and how to engage

its latent reasoning mechanisms based on problem characteristics.

1.3 Contributions and Thesis Structure

This research makes several key contributions to efficient reasoning in large language models. First, we
develop a fully differentiable continuous reasoning architecture that addresses the gradient flow chal-
lenges inherent in discrete mode-switching approaches. Our learnable blending mechanisms enable
smooth interpolation between discrete embeddings and continuous reasoning states while maintaining
training stability. Second, we demonstrate the first successful integration of continuous latent reasoning
with group-relative policy optimization, showing that reinforcement learning can effectively guide rea-

soning development without explicit supervision. Third, we provide comprehensive empirical evaluation



across mathematical, logical, and multi-hop reasoning tasks, demonstrating 49-79% token reduction
compared to Chain-of-Thought methods while achieving meaningful performance improvements over
baseline approaches.

Beyond these technical contributions, we offer extensive mechanistic analysis of how latent rea-
soning develops during training. We characterize the blending dynamics that emerge as models learn
task-appropriate strategies, analyze the progressive uncertainty reduction that occurs during reasoning,
and identify the architectural depth requirements for different reasoning complexities. We also provide
honest assessment of current limitations—substantial performance gaps remain compared to state-
of-the-art supervised methods, and the framework exhibits sensitivity to hyperparameters and training
stochasticity. These findings establish both the promise and challenges of the latent reasoning paradigm.

The remainder of this thesis proceeds as follows. Chapter 2 reviews related work on reasoning in
language models, covering Chain-of-Thought prompting, latent-space approaches, and reinforcement
learning for language model training. Chapter 3 presents our solution in detail, including the continuous
reasoning architecture, GRPO integration, training methodology, and implementation considerations.
Chapter 4 provides comprehensive evaluation across three reasoning benchmarks, mechanistic anal-
ysis of reasoning behaviors, and systematic ablation studies. Chapter 5 concludes with discussion of
limitations and directions for future research. Together, these chapters demonstrate that continuous la-
tent reasoning combined with reinforcement learning offers a promising direction for developing more
efficient, autonomous reasoning systems that address the computational and data constraints limiting
current approaches.

The code is available at https://github.com/DavidAfonsoValente/DTT.
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Neural reasoning systems have evolved significantly in recent years, progressing from simple pattern
matching to sophisticated reasoning capabilities. This chapter establishes the theoretical foundations
and examines the historical context that underpin our Dynamic Thinking Tokens framework. We begin
by exploring the fundamental concepts of neural representations and optimization that form the sub-
strate for modern reasoning systems. We then trace the evolution of machine reasoning from symbolic
approaches through to contemporary neural methods, examining how each paradigm shift has shaped
our understanding of computational reasoning. Finally, we analyze current state-of-the-art approaches

and their limitations, which directly motivate our DTT framework.



2.1 Theoretical Foundations

2.1.1 Neural Representations and Embedding Spaces

The concept of embedding spaces has emerged as a cornerstone of modern machine learning systems,
providing a geometric framework for representing and manipulating semantic information [7]. These
high-dimensional vector spaces offer a powerful abstraction for capturing complex relationships and en-
abling sophisticated reasoning operations through geometric transformations [8]. At the heart of embed-
ding space theory lies the manifold hypothesis, which posits that real-world data, despite its apparent
complexity, typically lies on or near a lower-dimensional manifold within the high-dimensional embed-
ding space. The manifold structure suggests that meaningful transformations in the data space can be
captured through continuous deformations along this manifold, providing a geometric interpretation of
reasoning processes [9].

The mathematical foundations of embedding spaces center on carefully chosen distance metrics

and geometric operations that preserve semantic relationships [10]. The most commonly employed sim-
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ilarity measure is the cosine similarity between embeddings, defined as sim(v;, v;) where
v; and v; are vector embeddings. The organization of embedding spaces is governed by the princi-
ple of distributional semantics [11], which suggests that the meaning of entities can be inferred from
their patterns of co-occurrence and interaction with other entities. This principle manifests in the way
neural networks learn to structure their internal representations [12], creating a geometric space where
semantic relationships are reflected in the relative positions and distances between embeddings.

Recent advances in contextual embeddings, exemplified by models like BERT and its successors,
have demonstrated the importance of context-dependent representations. Unlike static embeddings,
these models generate representations that vary based on the surrounding context [13], capturing the
nuanced ways in which meaning shifts across different contexts. This dynamic nature is achieved
through sophisticated attention mechanisms that compute context-dependent embeddings as h; =
flxs, x_;;0), where h; is the contextual embedding for token z;, z_; represents the surrounding con-
text, and 6 denotes the model parameters.

Navigation in high-dimensional embedding spaces presents unique challenges that fundamentally
impact how neural systems process and manipulate information. The topology of the embedding space
itself can be leveraged for more effective navigation through geodesic paths [14], ensuring that inter-
mediate points along the path remain semantically meaningful. This is particularly relevant for our DTT
framework, which relies on efficient traversal of the embedding space during latent reasoning phases.
The DTT approach leverages these geometric properties to perform reasoning operations directly in the
embedding space, bypassing the limitations of discrete token generation and enabling more efficient

reasoning pathways.



2.1.2 Optimization in Neural Systems

The optimization of neural reasoning systems presents unique challenges stemming from the high-
dimensional nature of the parameter space and the complexity of the loss landscape. Gradient-based
optimization serves as the primary tool for training neural networks, with the general update rule 6, ., =
0; — nVoL(6:), where 0; represents the parameters at iteration ¢, n is the learning rate, and V,L(6;) is
the gradient of the loss function. However, the effectiveness of this simple update rule is complicated by
several factors unique to neural systems. The loss landscape of deep neural networks is characterized
by numerous local optima, saddle points, and plateaus that can significantly impact optimization dynam-
ics. Recent theoretical work has shown that in high-dimensional spaces, saddle points rather than local
minima present the primary challenge for optimization [15].

To address these challenges, adaptive optimization methods have become increasingly sophisti-
cated. The Adam optimizer [16] combines momentum with adaptive learning rates through a formula-
tion that provides several advantages for training deep neural networks, including robustness to gradient
scaling and improved convergence properties. For the DTT framework, we leverage these optimization
insights to develop a phased training approach that gradually shifts the optimization objective from aux-
iliary reasoning rewards to final performance metrics. This approach helps navigate the complex loss
landscape more effectively, avoiding local optima and ensuring stable convergence to high-performance

parameter configurations.

2.1.3 Reinforcement Learning for Reasoning

The integration of reinforcement learning with neural reasoning systems has opened new avenues for
developing adaptive reasoning strategies [17]. RL provides a framework for learning through interaction,
particularly valuable when intermediate reasoning steps lack explicit supervision [18]. The standard RL
objective in reasoning tasks is formulated as J(¢) = E,xr, [ZtT:O vtrt}, which captures the expected
return under a policy parameterized by 6. The policy 7y generates trajectories 7 of reasoning steps,
where each step receives a reward r;. The discount factor v determines how much future rewards are
valued compared to immediate ones, enabling the system to learn reasoning strategies that maximize
long-term performance [19].

Group Relative Policy Optimization (GRPO) is a reinforcement learning algorithm particularly well-
suited for training language models on reasoning tasks and forms the core of our DTT training method-
ology. For a given prompt ¢, GRPO generates G completions, computes rewards, and calculates a
normalized advantage. The policy my is updated by minimizing a carefully designed loss function that
ensures stable updates by leveraging group-based advantages, making it effective for reasoning tasks

where exploration and alignment with human-like reasoning are critical. In our DTT framework, we



extend GRPO with a novel phased reward system that combines final answer correctness with inter-
mediate reasoning quality metrics and latent compression rewards, with weights dynamically adjusted

during training to gradually shift focus from intermediate reasoning quality to final performance.

2.1.4 Technical Foundations of Language Models

The architecture of modern language models represents a careful orchestration of multiple compo-
nents [20], with the transformer architecture revolutionizing how neural networks process sequential
information. The fundamental attention mechanism, enhanced through multi-head attention, forms the
core of these systems. The mechanism is defined as Attention(Q, K, V') = softmax (%) V, where Q,
K, and V represent the query, key, and value matrices, and d;, is the dimension of the key vectors. This
enables the model to attend to different parts of the input with varying weights, creating context-aware
representations crucial for complex reasoning tasks. The multi-head variant allows the model to attend
to different relationship types simultaneously through parallel attention heads that are concatenated and
projected.

Position-aware processing is achieved through positional encodings, addressing the inherent permu-
tation invariance of self-attention using sinusoidal functions. These encodings allow the model to incor-
porate sequential information without recurrent connections, enabling more efficient parallel processing.
Layer normalization stabilizes training by normalizing activations across features, helping manage in-
ternal covariate shift and allowing for more stable and efficient training. The transformer architecture
combines these components with feed-forward networks in a residual connection framework.

The scaling behavior of these models follows empirical laws [21] that relate model performance to
architectural parameters, expressing relationships between the number of parameters, dataset size,
and model performance. The emergence of reasoning capabilities appears to follow a phase transition-
like behavior, becoming reliably present only above critical model scales. Understanding these scaling
laws is crucial for developing efficient reasoning systems like DTT, which aims to achieve sophisticated
reasoning capabilities with modest model sizes by leveraging the continuous latent space for reasoning
operations. Our DTT framework builds upon these transformer foundations, introducing specialized

components for latent reasoning while maintaining compatibility with the core transformer architecture.

2.2 Evolution of Machine Reasoning

2.2.1 Historical Foundations

The genesis of machine reasoning can be traced to the seminal work of Newell and Simon with their

General Problem Solver (GPS) in 1959 [22]. This groundbreaking system introduced means-ends anal-
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ysis as a fundamental problem-solving strategy, demonstrating for the first time that machines could
engage in structured reasoning behaviors. The GPS architecture established several crucial principles
that continue to influence modern Al systems, including the separation of domain knowledge from rea-

soning mechanisms and the importance of heuristic search strategies [23].
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Figure 2.1: Timeline of the evolution of Artificial Intelligence. Image taken from [1].

The 1960s witnessed the emergence of formal logical systems and automated theorem provers, ex-
emplified by Robinson’s Resolution principle [24]. This period saw the development of the first automated
reasoning systems capable of proving mathematical theorems, though these systems revealed funda-
mental limitations in handling real-world ambiguity and uncertainty. McCarthy’s situation calculus [25]
provided a formal framework for reasoning about actions and change, while Hayes’s naive physics man-
ifesto [26] highlighted the challenges of encoding common-sense knowledge.

The 1970s marked the advent of expert systems, with MYCIN [27] and DENDRAL [28] demonstrat-
ing practical applications of artificial intelligence in medical diagnosis and chemical analysis. These
systems introduced probabilistic reasoning mechanisms and showed how domain-specific knowledge
could be effectively encoded and utilized. A transformative breakthrough came with Pearl’s development
of Bayesian networks [29], which provided a rigorous framework for reasoning under uncertainty and
established fundamental principles for causal reasoning.

The late 1980s witnessed a paradigm shift with the resurgence of neural networks, catalyzed by the
development of backpropagation [30] and parallel distributed processing models. This transition from
symbolic to subsymbolic approaches marked a fundamental change in how researchers approached
machine reasoning. The early 2000s saw the emergence of deep learning architectures [31] that would
eventually revolutionize the field. Convolutional Neural Networks achieved unprecedented success in
computer vision tasks, while Recurrent Neural Networks with Long Short-Term Memory units advanced
sequence processing capabilities [32]. The introduction of attention mechanisms marked another signif-
icant advance, enabling models to dynamically focus on relevant information and laying the foundation

for the Transformer architecture.
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2.2.2 Foundation Models and Modern Language Models

The introduction of the Transformer architecture marked a paradigm shift in natural language processing
and machine reasoning [20]. This revolutionary architecture eliminated the need for recurrent connec-
tions through the innovative use of self-attention mechanisms, enabling more efficient parallel processing
and better handling of long-range dependencies. The multi-head attention mechanism further enhanced
the model’'s capability by allowing it to attend to information from different representation subspaces si-
multaneously [33]. The positional encoding scheme addressed the inherent challenge of sequence
ordering in attention-based models through sinusoidal or learned embeddings, maintaining awareness

of token ordering while preserving the benefits of parallel processing [34].

The development of large language models has progressed through several generations, each marked
by significant advances in architecture, scale, and capabilities. BERT introduced bidirectional training
of Transformer encoders, establishing new state-of-the-art results across numerous natural language
understanding tasks. The GPT series, beginning with GPT-1 [35], demonstrated the potential of unidi-
rectional models trained on massive datasets, with each iteration showcasing dramatic improvements
in reasoning capabilities. GPT-3 [36] represented a quantum leap in scale and capability, demonstrat-
ing emergent abilities in few-shot learning and complex reasoning tasks with 175 billion parameters.
Subsequent developments, including GPT-4 [37], have further pushed the boundaries of what’s possible
with large language models, particularly in areas requiring complex reasoning and multi-step problem

solving.

The PaLM model [38] introduced the Pathways architecture, enabling more efficient use of computa-
tional resources and better handling of multi-task learning. This architecture demonstrated remarkable
capabilities in reasoning tasks, particularly in areas requiring step-by-step deduction and mathematical
problem solving. Anthropic’s Claude models [39] have advanced the field through innovative approaches
to model alignment and reasoning capabilities, while the Llama series [40] has demonstrated that strong

performance can be achieved with more efficient architectures and open-source approaches.

Research into scaling laws has provided crucial insights into the relationship between model size,
compute budget, and performance [21]. These studies have revealed power-law relationships governing
model improvement with scale, understanding that has guided the development of compute-optimal
training strategies and influenced architectural decisions in modern language models. Architectural
innovations have focused on improving efficiency and capability simultaneously. Mixture of Experts
approaches [41] have demonstrated the potential for conditional computation, allowing models to scale
to massive sizes while maintaining reasonable computational costs. Sparse attention mechanisms [42]
and efficient attention variants have addressed the quadratic complexity of self-attention, enabling the

processing of longer sequences and more efficient training.
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2.3 Contemporary Reasoning Approaches

2.3.1 Chain-of-Thought Reasoning

Chain-of-Thought (CoT) prompting represents a fundamental breakthrough in neural reasoning, pro-
viding a framework for decomposing complex problems into interpretable intermediate steps [2]. The
theoretical foundations of CoT build upon the transformer’s attention mechanisms, where each reason-
ing step contributes to the overall solution through iterative refinement. The mathematical formulation of
this process can be expressed through the attention computation at each step, where the current query
attends to keys and values from all previous steps. This formulation enables the model to maintain

coherence across the reasoning chain while progressively building toward a solution.

Standard Prompting Chain-of-Thought Prompting
Model Input Model Input
Q: Roger has 5 tennis balls. He buys 2 more cans of Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now? tennis balls does he have now?
A: The answer is 11. A: Roger started with 5 balls. 2 cans of 3 tennis balls

each is 6 tennis balls. 5 + 6 = 11. The answer is 11.
Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples Q: The cafeteria had 23 apples. If they used 20 to
do they have? make lunch and bought 6 more, how many apples
do they have?

Model Output Model Qutput

A: The answer is 27. x A: The cafeteria had 23 apples originally. They used
20 to make lunch. So they had 23 - 20 = 3. They
bought 6 more apples, so they have 3 + 6 = 9. The
answer is 9. «

Figure 2.2: Regular Prompting vs Chain of Thought Prompting, image from [2].

The linguistic structure of CoT reasoning introduces specific constraints that shape both its capabili-
ties and limitations. The transformation of thoughts into natural language tokens creates a mapping from
the space of possible cognitive states to discrete token sequences [43]. This mapping process inevitably
introduces information loss through discretization and sequential ordering constraints. The development
of Zero-shot Chain-of-Thought [44] marked a significant advancement by eliminating the need for task-
specific examples through careful prompt engineering. This approach demonstrates that the capacity for
step-by-step reasoning can be activated through appropriate prompting, suggesting these capabilities
may be latent in large language models rather than requiring explicit training [45].

Recent developments have introduced several sophisticated variants of the basic CoT framework.
Self-Consistency methods [46] enhance the robustness of chain-of-thought reasoning by generating

multiple reasoning paths and selecting the most consistent solutions through majority voting. The
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Tree-of-Thought approach [47] represents a significant evolution by enabling breadth-first exploration
of multiple reasoning pathways simultaneously, allowing the model to consider multiple approaches and
maintain uncertainty about different reasoning pathways until more evidence is accumulated. Graph-of-
Thought [48] extends these ideas further by representing reasoning steps as nodes in a directed graph,
enabling more complex reasoning patterns and better handling of interdependencies between different
lines of thought.

The token-based nature of current reasoning frameworks introduces several fundamental limitations.
The sequential bottleneck created by the need to linearize thoughts into token sequences creates inher-
ent trade-offs between reasoning depth and computational efficiency. Semantic drift represents another
significant challenge, where consecutive reasoning steps may maintain local coherence while diverg-
ing from the global solution path. Recent work has explored various approaches to mitigating these

limitations, including hybrid symbolic-neural architectures [49] and continuous reasoning frameworks.

2.3.2 Reinforcement Learning Advances in Reasoning

Reinforcement Learning has emerged as a powerful paradigm for enhancing reasoning capabilities in
Large Language Models. Unlike traditional supervised methods that rely on static datasets, RL enables
models to learn through interaction and feedback, making it particularly suitable for tasks involving se-
quential decision-making and planning. The application of RL to LLMs for reasoning tasks addresses
several limitations of conventional methods. Chain-of-Thought prompting, while effective, requires care-
fully crafted prompts and often struggles with generalization across diverse tasks. Supervised fine-tuning
is constrained by the availability of high-quality annotated datasets, which are scarce for many reasoning
domains [50].

DeepSeek-R1 represents a groundbreaking advancement in applying RL to enhance reasoning
in LLMs [51]. Unlike traditional approaches that typically rely solely on initial supervised fine-tuning,
DeepSeek-R1 employs a multi-stage approach that combines supervised learning with reinforcement
learning to optimize reasoning capabilities through carefully designed reward signals. The methodology
involves a sophisticated three-stage training process: initial cold-start with high-quality Chain-of-Thought
examples followed by reinforcement learning, generation of supervised fine-tuning data via rejection
sampling with further fine-tuning, and final RL alignment focusing on helpfulness and harmlessness.
This comprehensive approach enables remarkable performance across various reasoning benchmarks,
matching state-of-the-art models while achieving impressive results on mathematical reasoning tasks.

A particularly noteworthy aspect of the DeepSeek-R1 methodology is its knowledge distillation ca-
pabilities. The researchers successfully distilled the model’s reasoning abilities into smaller variants
through supervised fine-tuning, producing impressive results where even smaller parameter models

surpassed much larger models on certain mathematical reasoning tasks. This demonstrates that knowl-
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edge transfer from larger models trained with RL can be more efficient than training smaller models from
scratch using RL directly.

DeepSeek-R1 Zero represents a paradigm shift in the development of reasoning capabilities, trained
exclusively through large-scale reinforcement learning and completely bypassing supervised fine-tuning.
The fundamental hypothesis driving this approach is that large language models can autonomously
develop sophisticated reasoning abilities through properly incentivized reinforcement learning alone.
This addresses a critical limitation in current reasoning systems: the scarcity and cost of high-quality
human-annotated reasoning datasets. The model employs Group Relative Policy Optimization (GRPO),
a computationally efficient RL algorithm that eliminates the need for a separate critic model by estimating
rewards through comparing outputs within groups of sampled responses.

A key innovation in DeepSeek-R1 Zero’s training methodology is its carefully designed reward struc-
ture combining accuracy rewards for correctness and format rewards for structured outputs. The training
process deliberately avoids using neural reward models to prevent reward hacking and maintain sim-
plicity. The training dynamics revealed particularly interesting phenomena described as "Aha moments"
— sudden, significant leaps in reasoning ability during training, mirroring human learning experiences
where understanding suddenly crystallizes after periods of gradual progress.

Analysis of DeepSeek-R1 Zero’s reasoning patterns revealed several emergent behaviors including
self-verification, extended chains-of-thought, and spontaneous reflection. Despite these impressive ca-
pabilities, the model exhibited certain limitations including output readability issues, language mixing,
and underperformance in general-purpose applications, which motivated the development of the more
balanced DeepSeek-R1 model. The success of DeepSeek-R1 Zero challenges conventional wisdom

about the necessity of supervised fine-tuning in developing advanced reasoning capabilities.

2.3.3 State-of-the-Art Reasoning Systems

OpenAl’'s O-series models, particularly O1 and O3, represent a significant advancement in artificial in-
telligence reasoning capabilities. While the exact architecture remains private, some researchers have
theorized similarities between O-series models’ reasoning mechanisms and recent academic work like
Quiet-STaR [52], particularly in how they appear to perform intermediate reasoning steps. These mod-
els incorporate architectural innovations that fundamentally enhance their ability to perform complex
reasoning tasks, implementing a novel approach to compute-adaptive reasoning where computational
resources can be dynamically adjusted based on problem complexity [53].

A key innovation in the O-series models is the implementation of deliberative alignment, a training
paradigm that enables more robust and reliable reasoning processes [54]. The resource requirements
for these models are substantial, with benchmark evaluations revealing that high-performance configu-

rations consumed approximately $1,000 in compute resources per task on challenging benchmarks [55].
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Figure 2.3: Comparison of Compute/Performance between o1, 03 and baselines on ARC-AGI. Image taken from

[3].

Performance benchmarks demonstrate remarkable capabilities across various domains, achieving im-
pressive accuracy on mathematical reasoning tasks and software engineering applications.

Recent research has introduced Thinking Tokens, a novel unsupervised approach to enhance rea-
soning capabilities in LLMs [4]. Unlike Chain-of-Thought prompting, which requires explicit step-by-step
reasoning in the token space, Thinking Tokens operate by introducing specialized tokens that create
computational delays in the model’s processing pipeline, theoretically allowing for deeper reasoning
within the model’s latent space. The fundamental premise is grounded in the hypothesis that inserting
intermediate "thinking" tokens enables models to engage in more sophisticated computation over their

hidden states before generating outputs.
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Figure 2.4: Comparison between Chain-of-Thought and Thinking Tokens approaches. While CoT relies on explicit
verbal reasoning steps, TTs attempt to facilitate reasoning through implicit computational delays. Image
taken from [4].

Initial implementations revealed several critical challenges in the Thinking Token approach. The pri-
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mary limitation stems from the reliance on single-token embeddings, which creates significant obstacles
in the learning process. The same token embedding must adapt to diverse reasoning contexts, creat-
ing ambiguity during training and leading to inconsistent learning signals. Empirical evaluations across
various reasoning benchmarks revealed consistent patterns showing only marginal improvements over
baselines, with performance gaps extending to natural language tasks as well. Recent work has explored
the use of multiple distinct thinking tokens to address these limitations, showing promise in reducing gra-

dient noise and improving embedding expressivity.

2.3.4 Continuous Latent Space Reasoning

The introduction of CoCoNut (Chain of Continuous Thought) in late 2024 marked a pivotal advancement
in neural reasoning approaches [5]. While traditional Chain-of-Thought methods rely on generating ex-
plicit reasoning steps in natural language, CoCoNut fundamentally reimagines this process by operating
directly in the model’s latent space. This paradigm shift addresses a key limitation of language-based
reasoning: the inherent inefficiency of forcing models to translate their internal reasoning processes into
human-readable text at each step.

CoCoNut’s architecture enables the model to maintain and manipulate its reasoning state entirely
within its latent space during intermediate steps, only generating natural language when producing final
outputs. This is achieved through a dual-mode processing system that allows the model to switch be-
tween latent reasoning and language generation modes using specialized control tokens. The approach

creates an end-to-end differentiable reasoning process that can be optimized more effectively than tra-
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Figure 2.6: A comparison of Chain of Continuous Thought (CoCoNuT) with Chain-of-Thought (CoT). CoCoNuT
regards the last hidden state as a representation of the reasoning state and directly uses it as the next
input embedding, allowing the LLM to reason in an unrestricted latent space. Image taken from [5].

ditional token-based methods. A particularly innovative aspect is its emergent capacity for breadth-first
search in reasoning tasks. Unlike traditional CoT approaches that commit to a single reasoning path, Co-
CoNut can simultaneously maintain multiple potential reasoning trajectories in its latent space, proving

especially valuable for complex problems requiring extensive planning or backtracking.

GSMS8k ProntoQA ProsQA
Method
Acc. (%) # Tokens Acc. (%) # Tokens Acc. (%) # Tokens
CoT 42.9 0.2 25.0 98.8 +0.8 92.5 77.5 +1.9 494
No-CoT  16.5 +0.5 2.2 93.8 +0.7 3.0 76.7 £1.0 8.2
iCoT 30.0% 2.2 99.8 +o0.3 3.0 98.2 0.3 8.2
Pause Token 16.4 1.8 2.2 77T £21.0 3.0 75.9 +0.7 8.2
CocoNuT (Ours)  34.1 +1.5 8.2 99.8 +0.2 9.0 97.0 +0.3 14.2
- w/o curriculum  14.4 +0.8 8.2 52.4 0.4 9.0 76.1 +0.2 14.2
- w/o thought  21.6 +0.5 2.3 99.9 +01 3.0 95.5 £1.1 8.2
- pause as thought  24.1 +o.7 2.2 100.0 0.1 3.0 96.6 +0.8 8.2

Figure 2.7: Experimental results comparing CoCoNut with traditional Chain-of-Thought approaches across various
reasoning tasks, demonstrating improvements in accuracy and computational efficiency. Table taken
from [5].

The empirical results from CoCoNut’s evaluation are particularly compelling. When tested on reasoning-
intensive benchmarks, CoCoNut in some cases outperformed traditional CoT approaches. Beyond im-
proved accuracy, the method demonstrated significant efficiency gains, requiring fewer computational
resources and generating fewer tokens during inference. On ProsQA, CoCoNut achieved 97.0% accu-
racy compared to CoT’s 77.5%, while using only 14.2 tokens on average versus CoT’s 49.4 tokens—a
71% reduction. However, CoCoNut’s supervised training approach, while effective, still relies on carefully
curated datasets and explicit guidance for learning reasoning patterns, suggesting potential opportuni-

ties for combining its latent reasoning capabilities with more autonomous learning approaches.
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2.4 Challenges and Limitations

2.4.1 Fundamental Constraints in Neural Reasoning

The fundamental challenges in neural reasoning systems stem from both theoretical limitations and
practical constraints [56]. The token-based processing constraint imposes fundamental limitations on
reasoning capabilities [2]. The probability of generating a valid reasoning chain decreases exponentially
with its length, helping explain the degradation of performance on complex reasoning tasks requiring
multiple steps [57]. Sequential generation bottlenecks arise from the autoregressive nature of current
models, with time complexity scaling linearly with sequence length. This becomes particularly problem-
atic for complex reasoning tasks requiring lengthy chains of thought [58].

Memory bandwidth utilization presents another significant challenge, particularly for attention-based
architectures [59]. The memory requirement for standard attention scales quadratically with sequence
length, leading to numerous proposals for more efficient attention mechanisms [60], though often at
the cost of reduced model capacity. The optimization landscape for neural reasoning systems presents
unique challenges due to its high dimensionality and complex topology, with the loss surface containing
numerous saddle points whose prevalence increases exponentially with dimensionality.

Energy efficiency remains a critical challenge, with energy consumption scaling approximately with
model size. Training stability presents additional challenges, particularly for systems combining multiple
learning objectives. The interaction between different loss components can lead to competing gradients,
significantly impacting training dynamics and final model performance [61]. The scalability limitations of
current approaches manifest in both computational and statistical aspects, with relationships suggesting

fundamental limits to current scaling approaches [62, 63].

2.4.2 Evaluation Challenges

The evaluation of reasoning capabilities presents its own set of challenges. Mathematical reasoning
benchmarks like GSM8K [64] and GSM-Symbolic [65] have become standard evaluation tools, but re-
search has revealed interesting patterns in how models perform. The FrontierMath challenge [66] intro-
duces problems requiring sophisticated mathematical understanding, while multi-hop reasoning evalu-
ation through benchmarks like HotpotQA [67] and ProntoQA [68] specifically target complex reasoning
chains requiring information synthesis from multiple sources.

Current benchmarks face several significant limitations that affect their utility. Dataset biases have
been identified as a major concern, with studies revealing systematic patterns that models can exploit
without developing genuine reasoning capabilities [69]. Coverage analysis has highlighted gaps in ex-
isting benchmarks, particularly in areas requiring advanced abstract reasoning or novel problem-solving

approaches [70]. Response variance analysis has emerged as a crucial tool for understanding the relia-
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bility of model performance, revealing significant variations that are not captured by traditional evaluation
metrics [71].

This comprehensive review of theoretical foundations, historical evolution, and contemporary ap-
proaches establishes the context for our Dynamic Thinking Tokens framework. By understanding both
the capabilities and limitations of existing methods, we can better appreciate how DTT addresses funda-
mental challenges in neural reasoning through its novel integration of continuous latent space operations

with reinforcement learning optimization.
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The development of our Dynamic Thinking Tokens framework emerged through a systematic explo-

ration of architectural approaches that addressed fundamental limitations in existing reasoning paradigms.

Our journey began with Thinking Tokens, which introduced specialized tokens to create computational

delays, but revealed critical shortcomings including ambiguous learning signals and ineffective gradient

dynamics when reusing embeddings across contexts. These insights motivated our investigation of la-

tent space alternatives that could more effectively leverage high-dimensional embedding spaces without

the computational overhead of explicit textual reasoning steps. Meta’s COCONUT framework [5] pro-

vided crucial theoretical validation for continuous latent space reasoning, demonstrating that embedding-
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space operations could match traditional Chain-of-Thought methods while achieving remarkable effi-
ciency gains—reducing token usage from 49.4 to 14.2 tokens on average while improving accuracy from
77.5% to 97.0% on the ProsQA dataset [68]. However, COCONUT’s implementation introduced funda-
mental differentiability challenges through discrete mode switches between language and latent reason-
ing states. These transitions, mediated by special tokens like <bot> and <eot>, create non-differentiable
boundaries that interrupt gradient flow—a critical limitation for reinforcement learning approaches that
require smooth, end-to-end differentiability throughout the computational graph. Our analysis of wrap-
per architectures revealed additional computational impediments. External composition of reasoning
modules with base language models introduces gradient accumulation bottlenecks and memory over-
head from maintaining dual computational graphs. The additional computational layers often experience
gradient attenuation, particularly in deep reasoning chains, leading to suboptimal parameter updates
during policy gradient optimization. These limitations motivated our development of an integrated ap-
proach that embeds specialized reasoning components directly into the transformer architecture while

preserving complete differentiability.

3.1 Model Architecture and Component Design

3.1.1 Conceptual Overview: Thinking Without Speaking

Before delving into technical details, we present an intuitive understanding of Dynamic Thinking To-
kens. Imagine asking someone a difficult question: they don’t immediately speak every thought out
loud. Instead, they pause, think internally, and then provide an answer. Traditional Chain-of-Thought
approaches force language models to "speak" every reasoning step as tokens—Ilike someone verbal-
izing every intermediate thought while solving a math problem. This is computationally expensive and
constrains the reasoning process to follow the linear, sequential structure of language. Our approach
enables models to "think" internally in their continuous embedding space—the high-dimensional math-
ematical representations that underlie all neural network computations. Think of embeddings as the
model’s internal "thoughts" before they become words. Instead of converting every reasoning step into
tokens, the model maintains and refines these internal representations through a series of transforma-
tions, only producing tokens for the final answer. The key innovation lies in three specialized components

that work together like a cognitive control system:

* Refinement Gates determine "how much should | think about this?" by analyzing the current

context and deciding when deeper reasoning is needed.

* Integration Gates control "what should | remember from earlier?" by selecting which previous

reasoning context should influence current processing.
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 Adaptive Blending Parameters decide "should | rely on what | see or what I've figured out?" by

smoothly mixing discrete token embeddings with accumulated reasoning residuals.

These components enable the model to perform sophisticated reasoning operations—considering mul-
tiple possibilities, refining hypotheses, integrating evidence—entirely within its latent space, without the
computational overhead of generating intermediate tokens. The continuous nature of this process al-
lows smooth gradient flow during training, enabling reinforcement learning to discover effective reasoning

strategies autonomously.

3.1.2 Base Model Selection and Architectural Rationale

Our framework builds upon GPT-2 [35] with 124 million parameters as the foundational architecture,
chosen specifically to enable direct comparison with COCONUT’s reported results under supervised
learning paradigms. This selection provides several critical advantages: first, the 124M parameter scale
offers optimal computational tractability for extensive GRPO group sampling while maintaining sufficient
capacity for complex reasoning tasks. Second, the well-established training dynamics of GPT-2 provide
a stable foundation for reinforcement learning optimization, reducing risks of training instabilities that
could confound experimental results. The GPT-2 architecture’s inherent compatibility with residual mod-
ifications makes it particularly suitable for our hybrid reasoning approach. The transformer’s attention
mechanisms and residual connections provide natural integration points for our specialized components
without requiring fundamental architectural restructuring. Additionally, the computational efficiency en-
ables the extensive group sampling required by GRPO, where generating 4-8 candidates per training

example becomes feasible on standard hardware configurations with 4xNVIDIA A4000 GPUs.

3.1.3 Specialized Reasoning Components

Our Dynamic Thinking Tokens framework introduces three specialized components that seamlessly in-
tegrate into the transformer architecture to enable continuous latent reasoning. These components work
in concert to dynamically modulate hidden states while maintaining complete differentiability throughout
the reasoning process. Refinement and Integration Gates: Two learnable linear transformations map
embedding representations to gating signals that control the reasoning process. The refinement gate
W, € R4 computes context-sensitive signals determining current reasoning requirements, while the
integration gate W, € R%*? controls how accumulated reasoning context influences current processing.
These gates employ sigmoid activations to produce bounded gating values in [0, 1], ensuring numerical
stability during training. Adaptive Blending Parameters: A learnable parameter vector A € R? pro-
vides dimension-wise control over the blending process between discrete embeddings and continuous

reasoning residuals. Unlike fixed interpolation schemes, this approach allows the model to learn opti-
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mal blending strategies for different embedding dimensions based on task requirements and reasoning
complexity. The parameter vector is initialized through a carefully designed inverse transformation that
ensures stable early training dynamics. Continuous Modulation Function: The gating mechanism
employs a sophisticated exponential transformation that maps refinement signals to adaptive blending
factors:

a; = exp(—c - softplus(—X) © g) (3.1)

where ¢ = 8.0 provides appropriate scaling for the exponential decay, g; is the refinement gate output
(defined below), and the softplus transformation softplus(—\) = log(1 + e~*) ensures positive definite
scaling factors while maintaining differentiability. This design prevents common training instabilities asso-
ciated with residual blending in continuous spaces while enabling the model to learn context-dependent

modulation strategies.

3.2 Continuous Differentiable Reasoning Architecture

Our Dynamic Thinking Tokens framework addresses the differentiability challenges through a novel con-
tinuous hidden state modulation mechanism that dynamically integrates current token information with
accumulated reasoning context. The fundamental innovation lies in replacing discrete mode transitions
with smooth, learnable blending operations that maintain gradient flow while enabling sophisticated la-

tent space reasoning.

3.2.1 Mathematical Formulation

The core computation occurs within each transformer layer, where input embeddings e; € R? are dy-
namically modulated through interaction with accumulated reasoning states h,_; € R? from previous
processing steps. We use distinct notation to clearly separate the gate outputs from the accumulated
reasoning state: g’ denotes the refinement gate output, gi denotes the integration gate output, and h;_;
represents the accumulated hidden reasoning state from the previous layer. The refinement gate com-

putes a context-sensitive signal that determines how much the current token requires latent reasoning:
gi =o(W,e; +b,) (3.2)

where o denotes the sigmoid activation and W, € R4*4 is a learned projection matrix with bias b, € R,
This gate essentially asks "how much should | think about this token?" Similarly, the integration gate

controls which aspects of the accumulated reasoning context should influence current processing:

gi = U(Wiet + bi) (3.3)
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through its own learned transformation W; € R?*? with bias b; € R¢. This gate determines "what
should | remember from my previous thinking?" The central innovation of our approach lies in the adap-
tive blending mechanism, which determines how to combine current embeddings with accumulated rea-
soning residuals. This blending is controlled by an adaptive factor a;, computed through our learnable

Lambda function (as defined in Equation 3.1):
a; = A(g;) = exp (—c- softplus(—X) ® g}) (3.4)

where ¢ = 8.0 is a scaling constant, A € R¢ represents learned parameters, and softplus(z) = log(1+e?)
ensures non-negativity while maintaining differentiability. This formulation enables the model to learn
context-dependent blending strategies that adapt to different reasoning requirements. The element-wise
product ® allows each dimension of the embedding space to have its own learned blending behavior.
The final modulated embedding integrates these components through a continuous blending operation

that produces the output for the current reasoning step:

ét:at@et+\/1_35"’6@(8%@1’1:&71) (3.5)

where ¢ = 10~® provides numerical stability, e; is the original token embedding, h;_; is the accumulated
reasoning state from the previous step, and é; is the modulated output that becomes the new accumu-
lated state h, for the next layer. This formulation ensures that the blended representation maintains ap-
proximately unit variance properties while smoothly interpolating between embedding-dominated states
(when a; ~ 1) and residual-dominated states (when a; = 0). The square root term creates a spherical
blending that preserves the geometric properties of the embedding space, enabling the model to perform

sophisticated reasoning operations while maintaining compatibility with subsequent transformer layers.

3.2.2 Notation Clarification
To avoid confusion, we emphasize the distinct roles of each variable in our formulation:
* ¢;: Input token embedding at position ¢
+ g;: Refinement gate output (determines reasoning intensity)
« gi: Integration gate output (selects relevant prior context)
* h; _;: Accumulated reasoning state from previous layer
* a;: Adaptive blending factor (computed from g via Lambda function)

* & = h;: Modulated output that becomes the new reasoning state
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This notation makes explicit that the gates (g7, g!) are computed from the current token, while the

accumulated state (h;_1) carries forward the reasoning context from previous processing.

3.2.3 Gradient Flow and Differentiability

The mathematical structure guarantees continuous differentiability throughout the reasoning process.
The gradient of the modulated embedding with respect to the original embedding involves both direct

and indirect pathways through the Lambda function:

08 da; _ Ogi :
o = gt 0 50 (- 1-d o on)
Og}
+y/1-af+e0 (%I ©hyy (3.6

where:
8at

ogy

= —c- softplus(—\) © a; (3.7)

and Zif =d'(W,e;+b,)OW,, g%f = o/(W;e; +b;) ©W,. This gradient formulation ensures that both

immediate token representations and accumulated reasoning history contribute to parameter updates
during backpropagation, enabling the model to learn sophisticated reasoning patterns while maintaining
computational efficiency. The continuous nature of this formulation eliminates the gradient interruption
problems that plague discrete mode-switching approaches. Every component in the computation graph
maintains smooth derivatives, enabling effective backpropagation of policy gradient signals through the
entire reasoning process. This property is essential for reinforcement learning optimization, where gra-

dient quality directly impacts training stability and convergence speed.

3.2.4 Integration Within Transformer Layers

The residual blending mechanism integrates directly into each transformer layer’s forward pass. After the
standard embedding lookup, but before attention computation, we apply the continuous modulation oper-
ation. This placement ensures that reasoning occurs throughout the model’s processing rather than be-
ing confined to specific layers, enabling progressive refinement of representations across the network’s
depth. The modulated embeddings é&; serve as inputs to the standard transformer components—multi-
head self-attention and feedforward networks—allowing the model to leverage both its pre-trained lin-
guistic capabilities and newly acquired reasoning behaviors. The reasoning states h, are maintained
across layer boundaries, creating a continuous reasoning context that accumulates information through-
out the forward pass. Specifically, the output &; from layer ¢ becomes the accumulated state input h; for

layer ¢ 4+ 1, enabling progressive reasoning refinement through the network depth.

26



3.3 Group Relative Policy Optimization Framework

The continuous differentiability of our architecture enables seamless integration with Group Relative
Policy Optimization (GRPO), a reinforcement learning framework designed to improve stability and effi-
ciency in training large language models. Unlike standard policy gradient or Proximal Policy Optimization
(PPO) [72] methods, GRPO introduces a group-relative advantage estimator that reduces variance by

comparing candidate completions within the same group.

Reference
Model

PPO

GRPO .
Reference
| Model &
Policy 0, Reward T “{f Group. \}_’ A,
q Model . Model . kanpumumL -

Figure 3.1: Comparison of PPO and GRPO optimization frameworks.

Figure 3.1 illustrates the key differences between traditional PPO and our GRPO approach. Tra-
ditional PPO computes advantages using a learned value function V(x) that estimates expected re-
wards across all training data. The advantage A(z,y) = R(z,y) — V(x) requires training a separate
critic network and can suffer from high variance when reward distributions vary significantly across
prompts. In contrast, our GRPO approach generates K candidate completions {y(1), ... 45 )} for
each prompt x and computes group-relative advantages by comparing performance within that group:
AD o = W This eliminates the need for value function training, reduces variance through
within-group normalization, and provides more stable gradients by comparing strategies on the same
problem. Each group’s mean p and standard deviation o are computed only from that group’s samples,
making advantages independent of global reward scales. This design has proven particularly effec-
tive for mathematical reasoning tasks, as demonstrated in DeepSeekMath [73], where GRPO enabled

efficient learning without requiring extensive CoT demonstrations.
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3.3.1 From Policy Gradient to GRPO

Traditional policy gradient methods [74] optimize the expected return:

J(e) = ]EwND,yNﬂ'e("I) [R(J), y)} (38)

where my(y|x) is the policy, and R(z,y) is the reward for generating completion y given input z. The
gradient estimator is:
Vo J(0) = Esy [Vologmg(ylz) - Az, )] (3.9)

where A(z,y) is the advantage function, typically defined as A(z,y) = R(z,y) — b(x) with baseline b(z)

to reduce variance. In PPO, the clipped objective prevents large updates:

Lepo(0) = By, [min (r(0)A(z, y), clip(ri(6),1 — 6,1+ 8)A(z,1))] (3.10)

where r;(0) = ﬂ:"é?(’l‘/‘f;) is the probability ratio between new and old policies.

3.3.2 Group-Relative Advantage Estimation

GRPO modifies this by generating K candidate completions {y,...,y*)} for each prompt z, and
computing rewards within the group. The key insight is that by comparing completions for the same
prompt, we automatically control for problem difficulty and provide more stable advantage estimates

than global baselines. For each training query =¥, we first compute the group mean and standard

deviation:
. 1 E o
pl) = = § :R(‘T(Z)’y(ld)) (3.11)
Jj=1
1 K
() — ) y(60)) — G
7T KE -1 ]2::1(3(96(),?/( ) = p)? (3.12)

The group-relative advantage for completion 3(*7) is then:

(id) R(x(i),y(i’j)) —u®
Agroup = o) + ¢

(3.13)

where ¢ = 10~8 prevents division by zero when all completions in a group receive identical rewards. This
normalized advantage formulation ensures that updates are driven by relative performance within each
group while maintaining unit variance scaling, which stabilizes training dynamics compared to simple
mean-centering approaches. This approach provides variance reduction scaling as O(1/K) through

group-relative comparisons, offering theoretical justification for our choice of group sizes K € {4,8}.
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The standardization by ¢(*) ensures that gradients remain well-scaled regardless of whether a group

contains highly diverse strategies (large o) or similar approaches (small o).

3.3.3 GRPO Obijective with KL Regularization

The complete GRPO training objective incorporates both the clipped policy gradient and KL divergence

regularization:

K
Lerpo(0) = E, yy lz min (Til)(a)Aéer)upv
=1
clip(r{” (6),1 6,1+ 6) Athup)

- 5KLDKL(7T90.d('|CC)IIWo('If))] (3.14)

where ,
P () = 779(31(7’).|33) (3.15)
ol (y(z) ‘x)

represents the probability ratio between new and old policies, and Sk, = 0.005 is the KL penalty co-
efficient that prevents the policy from deviating too far from the reference model. The KL divergence
term:

Dt (s (1) 70 42) = 1) 08 220 (3.16)

ensures training stability by constraining policy updates to remain within a reasonable neighborhood of

the reference policy.

3.3.4 Reward Function Design
Our reward function employs a gated structure that ensures strict adherence to correctness requirements

while promoting efficiency:

W (Yreasoning) H — —
max (0,1 — 15’5 . —oreEsonngs if R s =1land R m =1
R(a:,y) { ( Winax ) acc(l‘ y) (olo] p(y) (3.17)

B 0 otherwise
where:

» Accuracy: Ra.(z,y) = W[extract_answer(y) = ground_truth(x)] ensures correctness through

exact match of final answers.

« Compliance: Rcomp(y) = ¥[matches_pattern(y, ANSWER_DELIM)] enforces structural require-

ments with a special answer delimiter token ().
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+ Efficiency penalty: w(yreasoning) COUNts words in the reasoning portion before the answer delimiter,

with maximum threshold wy,.x = 200 and penalty weight 8. = 0.01.

This gated design ensures that only correct and compliant responses receive positive rewards, while the
efficiency penalty promotes concise reasoning within successful completions. The answer extraction
process employs task-specific processing: for mathematical tasks, we extract numerical values using
regular expressions and normalize formatting (removing commas, handling decimals); for knowledge
tasks, we normalize text through lowercasing, punctuation removal, and article elimination to enable
robust matching. The efficiency penalty provides gentle encouragement toward concise latent reasoning
rather than verbose textual elaboration. With 5. = 0.01 and wy,.x = 200, a response using 100 words
receives reward 1 — 0.01 - (100/200) = 0.995, while a 200-word response receives reward 1 — 0.01 -
(200/200) = 0.99. This modest penalty preserves reasoning quality while nudging the model toward

efficiency.

3.4 Training Dynamics and Parameter Optimization

Our training methodology recognizes the distinct learning dynamics of different model components
through a multi-rate optimization strategy that balances preservation of pre-trained knowledge with de-
velopment of specialized reasoning capabilities. The approach employs differentiated learning rates that
reflect the varying optimization requirements of base transformer parameters versus newly introduced

reasoning components.

3.4.1 Multi-Component Learning Rate Strategy

Base model parameters, including attention mechanisms and feedforward layers, benefit from conser-
vative optimization that preserves existing linguistic and representational knowledge acquired during
pre-training. These parameters receive a learning rate of npase = 5 x 1075, enabling gradual adapta-
tion without disrupting established capabilities. In contrast, the specialized reasoning components—the
gating networks and Lambda parameters—require more aggressive optimization to develop effective
reasoning behaviors from their initialized states. The refinement and integration gate networks receive
learning rates of ngae = 1 x 102, enabling rapid development of context-sensitive gating behaviors that
can identify reasoning requirements and control information integration. Similarly, the Lambda param-
eters are optimized with n, = 1 x 1073 to allow adaptive blending factors to emerge during training.
This multi-rate approach ensures that specialized reasoning components can develop sophisticated be-
haviors while preserving the fundamental linguistic competencies of the base model. The 200x learning
rate difference between base parameters and reasoning components reflects their distinct roles and con-

vergence requirements. The reasoning components must learn sophisticated blending strategies from
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sparse reward signals provided by GRPO, necessitating aggressive optimization. Meanwhile, base pa-
rameters should maintain stability to avoid catastrophic forgetting of pre-trained knowledge that enables

general language understanding.

3.4.2 Parameter Initialization and Convergence Properties

Parameter initialization plays a crucial role in training stability and convergence. The Lambda parameters
are initialized using a carefully designed procedure that begins with uniform sampling from a restricted
range, then applies an inverse transformation to map these values into the parameter space that governs
the exponential decay function. Specifically, initial values are sampled as u; ~ U(rmin, "max) Where

min = 0.99 and ry. = 0.999, then transformed according to:
A — —log <u;1/0 - 1) (3.18)

This initialization ensures that the model begins with a strong bias toward original embeddings (a; ~ u;
initially) while allowing gradual integration of residual reasoning information as training progresses. The
high initial values promote stable early training by preventing excessive interference with pre-trained
representations, while the mathematical structure allows the model to learn more aggressive blending
strategies when beneficial. For mathematical reasoning tasks, we employ ry,;, = 0.99 to begin with
predominantly discrete token embeddings, allowing the model to rely on its pre-trained mathematical
understanding initially. For knowledge reasoning tasks, we use r,;,, = 0.95 to encourage greater latent
integration from the start, reflecting the different reasoning characteristics of these task types. The con-
vergence properties benefit from the differentiable nature of our blending mechanism, which maintains
gradient flow through the embedding space unlike discrete token sampling approaches. Progressive
gating allows the model to gradually incorporate latent reasoning capabilities while preserving the stabil-
ity of pre-trained representations. This design prevents the training instabilities observed in direct hidden

state feeding approaches while enabling the development of sophisticated latent reasoning capabilities.

3.4.3 Low-Rank Adaptation for Parameter Efficiency

The training process employs Low-Rank Adaptation (LoRA) [?] for parameter efficiency, applying low-
rank decompositions to attention and projection matrices while maintaining full parameter updates for the
specialized reasoning components. The LoRA formulation decomposes weight updates as AW = BA
where B € R¥*" and A € R"*¢ with rank r» = 32 < d. This approach dramatically reduces the number
of trainable parameters while preserving adaptation capabilities for core transformer components. For
GPT-2’s attention mechanisms, we apply LoRA to both the combined query-key-value projection and

the output projection matrices. With hidden dimension d = 768 and rank » = 32, each LoRA adapter
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introduces only 768 x 32 x 2 = 49, 152 trainable parameters compared to the original 7682 = 589, 824
parameters—a 92% reduction. The LoRA alpha parameter is set to o« = 64 = 2r to provide appropriate
scaling for the low-rank updates. The specialized reasoning components—gating networks and Lambda
parameters—are explicitly excluded from LoRA decomposition and trained with full parameter updates.
These components represent a small fraction of total parameters (~1.2M for gating networks and ~768
for Lambda) but play critical roles in enabling latent reasoning. Full parameter training ensures these
components can develop sophisticated reasoning behaviors without the constraints imposed by low-rank

approximations.

3.4.4 Gradient Accumulation and Multi-GPU Training

Training employs gradient accumulation across multiple forward passes to maintain effective batch sizes
while accommodating memory constraints. The GRPO framework generates multiple completions per
prompt—typically four candidates with group size K = 4—enabling robust group-relative advantage
estimation while maintaining computational feasibility. With per-device batch size of 4 and gradient ac-
cumulation steps of 8, the effective batch size becomes 4 x 8 = 32 training queries per optimization step.
Combined with group size K = 4, this configuration generates 32 x 4 = 128 completions per optimization
step, providing rich signals for advantage estimation while remaining feasible on our 4xNVIDIA A4000
GPU configuration. The group generation process naturally parallelizes across available devices, with
each GPU generating [K/num_gpus| completions per training query. This parallelization maximizes
hardware utilization while maintaining the diversity essential for robust advantage estimation. The rea-
soning states required for continuous reasoning are efficiently managed through gradient checkpointing,
which recomputes intermediate activations during backpropagation to reduce peak memory usage by

approximately 40% with minimal computational overhead.

3.4.5 Optimization Details and Regularization

We employ the AdamW optimizer [?] with carefully tuned hyperparameters: 8, = 0.9, 82 = 0.99, and
weight decay A = 0.1. The slightly lower 3, compared to standard settings (0.999) provides faster
adaptation to changing gradients during RL training, while weight decay prevents overfitting to specific
reasoning patterns. Gradient clipping with maximum norm 0.1 prevents instabilities from high-variance
policy gradients. This aggressive clipping is necessary because reinforcement learning can produce
occasional extreme gradients when the model discovers particularly successful or unsuccessful reason-
ing strategies. The clipping preserves the learning signal from successful trajectories while preventing
destabilization from outliers. Learning rate scheduling employs cosine annealing with 10% warmup ratio.

The warmup phase gradually increases learning rates from zero to their target values over the first 10%
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of training, preventing early instabilities when the model is still adapting to GRPO signals. After warmup,

cosine annealing smoothly decreases learning rates following:

1
7t = Mmin + i(nmax — Tmin) (1 + cos(nt/T')) (3.19)
where t is the current step, 7' is the total training steps, and 7., = 0 provides a smooth approach to

convergence.

3.4.6 Training Curriculum and Progressive Difficulty

During training, the Lambda parameters are scheduled to gradually shift the model’s reliance from orig-
inal embeddings toward reasoning residuals. This is accomplished by applying a curriculum schedule
to the initialization bias, where later training phases initialize Lambda parameters with lower values of
Tmin, €NCOUraging more aggressive use of the latent reasoning components as the model develops com-
petency in their utilization. The resulting training dynamics enable the model to develop sophisticated
reasoning capabilities that operate primarily in latent space while maintaining the ability to generate
coherent, concise outputs. The continuous nature of our blending mechanism allows for smooth explo-
ration of different reasoning strategies during training, while the GRPO optimization framework ensures

that the model learns to balance accuracy and efficiency according to our gated reward signal.

3.5 Inference Process and Computational Efficiency

During inference, the trained model performs continuous latent reasoning with minimal computational
overhead compared to Chain-of-Thought approaches. The forward pass proceeds through the stan-
dard transformer architecture with integrated reasoning components active at each layer. For each input
query, the model processes tokens sequentially through the transformer layers. At each layer, the con-
tinuous modulation mechanism blends current embeddings with accumulated reasoning states based
on learned gating signals. The refinement and integration gates dynamically determine how much latent
reasoning is required based on the current context, while the Lambda parameters control the blend-
ing between discrete and continuous representations. This process occurs entirely within the model’'s
forward pass, requiring no additional inference steps beyond standard autoregressive generation. The
accumulated reasoning context enables the model to maintain sophisticated internal representations
without the token generation overhead of explicit reasoning chains. When the model reaches the an-
swer delimiter token (), it produces the final answer directly, having performed all necessary reasoning
implicitly in latent space. The computational efficiency gains are substantial: while Chain-of-Thought

methods generate 40-200 reasoning tokens before producing answers, our approach generates only
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the query processing tokens plus the final answer, typically reducing total generation by 50-70%. This
efficiency translates directly to reduced inference latency, lower memory requirements, and decreased

energy consumption—making sophisticated reasoning practical for resource-constrained deployments.

3.6 Theoretical Properties and Convergence Analysis

3.6.1 Differentiability and Gradient Flow

Our hybrid approach preserves the convergence properties of both transformer training and policy gra-
dient methods while enabling continuous latent reasoning. The key theoretical insight lies in the dif-
ferentiable nature of our residual blending mechanism, which maintains gradient flow through the em-
bedding space unlike discrete token sampling approaches. The continuous blending operation in Equa-
tion 3.5 ensures that gradients can flow from the loss function through the modulated embeddings &
back to both the original embeddings e; and the reasoning states h;_;. This complete gradient con-
nectivity enables effective learning of both what information to blend (via the Lambda parameters) and
how to accumulate reasoning context (via the gating networks). The spherical blending formulation
a; ®e ++/1—a?+eo (g ©h, ;) maintains approximately unit norm for the blended representation,
preventing scale drift that could disrupt subsequent layer computations. This property follows from the
constraint a? + (1 — a?) = 1, which ensures that the weighted combination preserves the magnitude of

the input vectors when they have similar norms.

3.6.2 GRPO Convergence Properties

The GRPO objective provides variance reduction scaling as O(1/K) through group-relative advantage
estimation, offering theoretical justification for our choice of group sizes K € {4,8}. The standardized

advantage computation:
i R(@® yD)y — 40

ensures that policy gradients remain well-conditioned even when individual rewards exhibit high variance
across reasoning trajectories. This normalization provides two critical benefits: first, it prevents gradi-
ent explosion when occasional completions receive very high rewards relative to their group; second,
it ensures consistent gradient magnitudes across training batches even when absolute reward scales
vary. The denominator ¢(*) automatically adapts to the diversity of completions within each group, pro-
viding stronger signals when the group contains clearly superior strategies and weaker signals when
all completions perform similarly. Convergence stability is further enhanced by our progressive gating
mechanism, which begins with predominantly discrete embeddings (a; ~ 0.99) and gradually incorpo-

rates continuous representations as training progresses. This approach prevents the training instabilities
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observed in direct hidden state feeding approaches while enabling the development of sophisticated la-

tent reasoning capabilities.

3.6.3 Sample Complexity and Data Efficiency

Compared to standard supervised learning approaches that require explicit reasoning demonstrations,
our RL-based framework can discover effective strategies from sparse reward signals alone. This prop-
erty is particularly valuable for reasoning domains where collecting high-quality step-by-step demon-
strations is expensive or impractical. The sample complexity of our approach scales approximately as
O(N - K) where N is the number of training queries and K is the group size. While this represents
higher computational cost than standard supervised learning (O(XV)), the ability to learn without explicit
demonstrations often compensates for this overhead in domains where demonstration data is scarce.
The continuous nature of our latent reasoning space enables smoother optimization landscapes com-
pared to discrete token spaces, potentially reducing the number of training steps required to discover
effective strategies. However, the high-dimensional nature of the embedding space (d = 768 for GPT-2)

creates exploration challenges that necessitate careful reward shaping and initialization strategies.

3.7 Summary

This chapter presented the complete architecture and training methodology for Dynamic Thinking To-
kens, a framework that integrates continuous latent space reasoning with Group Relative Policy Opti-
mization. Our approach addresses fundamental differentiability challenges in existing latent reasoning
methods through novel architectural innovations including adaptive blending mechanisms, specialized
gating networks, and careful parameter initialization strategies. The key technical contributions include:
(1) a fully differentiable continuous modulation mechanism that maintains gradient flow while enabling
sophisticated latent reasoning; (2) integration with GRPO that leverages group-relative advantage es-
timation for stable, sample-efficient optimization; (3) a multi-component training strategy with differenti-
ated learning rates that balances preservation of pre-trained knowledge with development of specialized
reasoning capabilities; and (4) comprehensive engineering solutions for multi-GPU training, numerical
stability, and memory optimization. Our mathematical formulation ensures that reasoning occurs im-
plicitly in the model’s latent space through smooth blending of discrete embeddings with accumulated
reasoning context. The spherical blending operation preserves geometric properties of the embedding
space while enabling progressive refinement of representations across layers. The gated reward struc-
ture with efficiency penalties encourages the model to develop concise latent reasoning strategies rather
than relying on verbose textual elaboration. The resulting framework achieves the theoretical benefits

of latent space reasoning—reduced token generation, implicit parallel exploration, and adaptive strat-
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egy selection—while maintaining the computational efficiency and differentiability required for practical

deployment and continued learning through reinforcement optimization.
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Evaluation and Analysis
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4.1 Experimental Setup

To rigorously evaluate the Dynamic Thinking Tokens (DTT) framework, we conduct experiments on
established reasoning benchmarks that encompass mathematical and logical tasks. Our experimental
design prioritizes both quantitative performance metrics and insights into the latent reasoning behaviors
that emerge from our continuous blending architecture, within the constraints of our available compute

resources.
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4.1.1 Datasets

We evaluate DTT across three carefully selected datasets that progressively increase in reasoning com-
plexity.

GSMB8K contains 8,500 grade-school-level mathematical word problems requiring multi-step arith-
metic reasoning. We utilize the standard train/test split with 7,473 training examples and 1,319 test
examples, measuring success through exact match of the final numerical answer. Problems typically
require three to five reasoning steps involving operations like multiplication, division, and sequential
calculation.

ProntoQA is a synthetic logical reasoning benchmark comprising 1,000 problems based on fictional
ontologies with declarative rules. Each problem requires five to seven inference hops through structured
logical chains. The synthetic nature enables controlled evaluation of pure logical reasoning capabilities.
We note that the synthetic structure with known ontologies may make this task somewhat easier than
open-domain logical reasoning, and results should be interpreted with this limitation in mind.

ProsQA was introduced by Meta’'s COCONUT framework and features 1,200 problems with in-
creased structural complexity. This dataset incorporates deeper inference chains averaging ten to twelve
hops, intentional distractor branches, and dead-end paths requiring backtracking capabilities. As with
ProntoQA, the semi-synthetic nature with defined concept graphs may not fully capture the complexity

of open-domain reasoning tasks.

4.1.2 Model Configuration and Training

Our experiments build upon a GPT-2-Instruct-SFT model with 124 million parameters, enhanced with
DTT’s continuous reasoning components. Training employs Group Relative Policy Optimization with
group size k = 4, generating four candidate completions per prompt for group-relative advantage esti-
mation.

We employ differentiated learning rates: base model parameters use npase = 5 x 1076 to preserve
pre-trained knowledge, while specialized reasoning components receive ngae = 7\ = 10~3 for rapid
development of reasoning behaviors. We apply Low-Rank Adaptation with rank 32 to attention and
projection layers for parameter-efficient fine-tuning.

Training proceeds for 20 epochs on each dataset with batch size 16, using gradient accumulation
over 4 steps to achieve an effective batch size of 64. The AdamW optimizer with 5; = 0.9, 52 = 0.999,
and weight decay 10~ handles parameter updates. Training typically converges between epochs 15 and
18, though convergence varies across datasets and seeds. Given our batch configuration and GRPO’s
requirement for multiple forward passes per training example, the relatively quick convergence reflects

both the small model size and LoRA’s focused parameter scope.
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All experiments are conducted on 4xNVIDIA A4000 GPUs with 16GB memory each, using mixed-
precision training with FP16 arithmetic. Training one complete model on a single dataset requires ap-
proximately 36 to 48 hours depending on dataset size and convergence speed. We report results aver-
aged over 3 independent runs with different random seeds (42, 123, 456) to balance statistical reliability
with compute constraints. Standard deviations are reported to characterize training variability inherent

in reinforcement learning optimization.

Given the computational demands of hyperparameter sweeps, sensitivity analyses were conducted
with reduced scope: we prioritized central configurations and report results for key parameter ranges
rather than exhaustive grids. Some ablations (particularly depth variants) reused early-layer checkpoints

where possible to reduce redundant computation.

4.1.3 Baseline Comparisons

We compare DTT against several established approaches. Where possible, baselines were re-implemented
under our infrastructure to ensure fair comparison, though hardware differences may affect absolute

numbers compared to original publications.

Chain-of-Thought (CoT) represents the traditional approach with supervised fine-tuning on explicit
reasoning chains. CoT models are trained on the same datasets with manually annotated reasoning

traces.
No-CoT involves direct answer prediction without intermediate reasoning steps, representing the
base model’s capability.

COCONUT is Meta’s continuous latent reasoning framework employing multi-stage curriculum learn-
ing with supervised demonstrations. We report numbers from their paper as we could not replicate their

full curriculum training given compute constraints.

Thinking Tokens (TT) uses specialized pause tokens for implicit reasoning, representing our earlier

work.

GRPO-Only applies pure GRPO optimization to the base model without continuous blending mech-

anisms, isolating the contribution of our architectural innovations.

DTT (Ours) is our complete framework with continuous reasoning components optimized through
GRPO.

All evaluations use fixed decoding settings: temperature = = 0.8 for generation, top-p sampling with
p = 0.95, maximum 128 tokens, and standard answer extraction delimiters (####). We verified dataset

integrity and checked for contamination through deduplication across train/test spilits.
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4.2 Main Resulis

Our experimental results demonstrate that DTT reduces the performance gap between traditional Chain-
of-Thought and supervised latent reasoning approaches while using fewer tokens. The framework
achieves performance within 8 to 15 percentage points of COCONUT’s supervised curriculum learn-

ing using only reinforcement learning signals.

Table 4.1: Performance Comparison Across Reasoning Benchmarks (mean + std over 3 runs)

Method GSM8K ProntoQA ProsQA
Acc Tokens Red Acc Tokens Red Acc Tokens Red

CoT 42.9+2.1 38.5 - 98.8+0.5 95.2 - 77.5+2.4 52.8 -
No-CoT 16.5+1.3 2.1 95 | 75.2+21 2.8 97 | 76.7+1.8 3.2 94
COCONUT* 34.1 12.3 68 99.8 145 85 97.0 18.7 65
TT 16.8+1.8 2.2 94 | 76.1+3.2 2.9 97 | 76.2+2.6 3.3 94
GRPO-Only | 21.3+2.6 28.4 26 | 82.1+£3.1 32.6 66 | 79.4+3.2 38.2 28
DTT 26.8+2.2 18.1 53 | 84.9+28 20.3 79 | 82.7t2.9 26.8 49

*COCONUT results from original paper; not re-trained under our infrastructure

On GSMB8K, DTT achieves 26.8% accuracy while generating 18.1 tokens on average, representing
a 53% reduction compared to CoT’s 38.5 tokens. This represents progress over the No-CoT baseline
at 16.5% and GRPO-Only at 21.3%, demonstrating that both the continuous blending mechanism and
reinforcement learning contribute to improved mathematical reasoning. DTT performs 7.3 percentage
points below COCONUT’s 34.1% accuracy, a gap that reflects the value of supervised curriculum learn-
ing. The continuous blending mechanism contributes 5.5 percentage points of accuracy improvement
compared to GRPO-Only (26.8% versus 21.3%) while reducing token count by 36% from 28.4 to 18.1
tokens.

On ProntoQA, DTT reaches 84.9% accuracy while generating 20.3 tokens on average. This repre-
sents improvement over No-CoT at 75.2% and GRPO-Only at 82.1%, though the 14.9 percentage point
gap to COCONUT’s near-perfect 99.8% highlights the substantial value of carefully structured curriculum
learning for precise deductive chains. The synthetic ontology structure of ProntoQA may make these
results somewhat optimistic compared to open-domain logical reasoning. Nevertheless, DTT achieves
79% token reduction compared to CoT, demonstrating computational efficiency.

On ProsQA, DTT achieves 82.7% accuracy while generating 26.8 tokens on average. This repre-
sents a 6.0 percentage point improvement over No-CoT at 76.7% and 3.3 points over GRPO-Only at
79.4%, demonstrating that continuous blending aids planning and backtracking. DTT performs 14.3 per-
centage points below COCONUT’s supervised performance at 97.0%, indicating substantial room for
improvement. These results suggest that reinforcement learning with appropriate architectural support
can approach but not match supervised curriculum learning performance on complex reasoning tasks.

The higher standard deviations across runs (2-3 percentage points) compared to supervised meth-
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ods reflect the inherent stochasticity in RL optimization. While DTT shows promise in narrowing the gap
to supervised methods, absolute performance remains substantially below state-of-the-art curriculum-

supervised systems, and sensitivity to hyperparameters and random seeds is non-trivial.

4.3 Analysis of DTT Reasoning Mechanisms

4.3.1 Blending Dynamics and Adaptation

To understand how DTT learns to modulate between original embeddings and accumulated reasoning
residuals, we analyze the continuous blending mechanism throughout training. We measure mean
blending ratios across different problem categories during model inference on held-out test examples.

We categorize problems post-hoc based on empirical difficulty. GSM8K-Easy includes problems the
model solves correctly in more than 75% of validation runs. ProntoQA-Medium consists of problems
requiring five to seven reasoning hops. ProsQA-Hard contains problems requiring more than 10 hops
with multiple distractor branches. For each category, we sample 50 problems and compute average
blending ratios, aggregated across training epochs.

Figure 4.1 shows the evolution of blending ratios during training across these problem categories.
The analysis reveals that DTT develops task-appropriate blending strategies, though with notable varia-

tion and instability across runs, converging by epochs 15-18.

Blending Ratio Evolution During Training

GSM8K-Easy ProntoQA-Medium ProsQA-Hard
(Convergence ~0.30-0.38) (Convergence ~0.38-0.47) (Convergence ~0.50-0.62)
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Figure 4.1: Blending ratio evolution during training showing convergence to task-specific patterns by epoch 15-18.
Shaded regions indicate standard deviation across 3 runs. Higher ratios indicate greater reliance on
latent reasoning residuals. Note substantial wandering in early-mid training and continued fluctuations
even after convergence, reflecting RL optimization challenges.

For GSM8K-Easy problems, the model converges to moderate blending ratios around 0.30-0.38 by
epoch 16, with considerable variation across runs shown by shaded regions. The relatively modest and
variable convergence suggests that simpler arithmetic problems may not fully benefit from aggressive la-

tent processing, and the model struggles to find consistent strategies. For ProntoQA-Medium problems,
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ratios reach 0.38-0.47 by epochs 15-17, with more variance than simpler tasks. The intermediate blend-
ing level suggests these problems require more internal processing for maintaining logical relationships,
though the variance indicates less stable learning than hoped.

For ProsQA-Hard problems, ratios reach 0.50-0.62 by end of training, with substantial variance and
continued fluctuation even in late epochs. This shift toward residual-dominated processing demon-
strates the model’s learned adaptation to problem complexity, though the high variance and unstable
convergence suggest the optimization landscape is challenging for our small model and RL approach.
The progressive increase in blending ratios with task difficulty validates that our architecture enables
dynamic adjustment, though the substantial across-run variability indicates this strategy is not learned
robustly.

We further investigate how generation temperature affects blending dynamics. Figure 4.2 illustrates
these effects across early (positions 1-3) and late (positions 4-6) reasoning steps.

At low temperature (=0.3), early phase blending remains conservative at 0.20-0.32, with stable con-
vergence through late phases at 0.29-0.37. High temperature (=1.2) enables more aggressive latent
integration during early phases at 0.28-0.55, with late phases maintaining elevated blending at 0.50-
0.60. The temperature-dependent adaptation demonstrates that our architecture modulates reasoning

strategy based on generation parameters, though the wide ranges indicate substantial variability.

4.3.2 Latent Space Behavior Analysis

To understand whether DTT develops structured representations during reasoning, we examine hidden
state activations across layers. We sample 20 problems from ProsQA (10 correct, 10 incorrect) and
extract hidden states from layers 0, 3, 6, 9, and 12 (evenly spaced through the architecture).

We observe that successful reasoning generally involves progressive refinement of representations
across layers, though the small sample size and complex high-dimensional geometry make definitive
conclusions difficult. Visualization attempts using dimensionality reduction (PCA, t-SNE) show some
clustering patterns but substantial overlap between correct and incorrect trajectories, suggesting the
separation in latent space is partial rather than complete. We refrain from strong quantitative claims
about variance explained or geometric structure given the methodological challenges in interpreting
high-dimensional neural representations.

Instead, we focus on measuring the uncertainty in the model’s next-token predictions at each rea-
soning step using Shannon entropy H = — ", p; log, p;. We measure this across 50 randomly sampled
problems from each dataset.

Figure 4.3 shows systematic entropy reduction across all three datasets, revealing DTT’s progressive
uncertainty reduction.

GSMB8K problems show entropy reduction from approximately 2.5 bits at step 1 to 1.0 bits by step

42



Temperature Effects on Blending Dynamics
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Figure 4.2: Temperature effects on blending dynamics showing adaptive strategy development across temperature
regimes. Low temperature (=0.3) produces conservative blending, while high temperature (=1.2) en-
ables more aggressive latent integration. Note substantial variance within temperature conditions.
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Entropy Evolution During Reasoning
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Figure 4.3: Entropy evolution showing progressive uncertainty reduction through reasoning steps. All datasets
exhibit convergence patterns, with more complex tasks maintaining higher entropy longer. Error bars
represent standard error across sampled problems, showing substantial within-task variability.

6, reflecting relatively rapid convergence for arithmetic tasks. ProntoQA exhibits similar patterns but
with slightly delayed commitment, maintaining higher entropy through step 3 before converging. ProsQA
maintains elevated entropy through step 5 at approximately 1.4 bits before converging to 1.1 bits by step
6, suggesting extended exploration for complex tasks. The substantial error bars indicate high variability

across problems and samples.

4.3.3 Reasoning Depth Analysis

To understand how latent processing capacity affects performance, we create DTT variants with different
architectural depths by selectively activating reasoning components in subsets of layers. Due to compute
constraints, we evaluate depths 0, 2, 4, and 6 (full DTT), training each variant for 15 epochs rather than
full convergence.

Figure 4.4 presents accuracy curves across reasoning depths, revealing task-specific patterns and
diminishing returns.

On GSMB8K, performance improves from 16.5% at depth 0 to 26.8% at depth 6, with steepest gains
between depths 0-2 (improving from 16.5% to 22.4%). The curve flattens substantially beyond depth 4,
suggesting diminishing returns and possible capacity limits of the 124M parameter model. Closing the
7.3 point gap to COCONUT would likely require larger base models or different architectural innovations.

ProntoQA shows improvement from 75.2% at depth 0 to 84.9% at depth 6, with gains slowing be-
yond depth 4. The 14.9 percentage point gap to COCONUT’s 99.8% suggests these highly structured

problems fundamentally benefit from step-by-step supervision that explicitly teaches logical chaining
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Reasoning Depth vs Performance
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Figure 4.4: Reasoning depth versus performance showing task-specific patterns and diminishing returns beyond
depth 4. Dashed green lines indicate COCONUT’s supervised performance for reference. Error bars
show standard deviation across 3 runs. Note that depth variants were trained for 15 epochs with partial
checkpoint reuse, which may underestimate peak performance.

sequences.

ProsQA demonstrates steady but modest improvement from 76.7% at depth 0 to 82.7% at depth
6, with similar flattening beyond depth 4. The 14.3 point gap to COCONUT indicates current limita-
tions stem from both architectural capacity and the challenge of discovering optimal planning strategies

through RL alone.

4.3.4 AQualitative Analysis: Reasoning Traces

To understand DTT’s reasoning behavior, we examine model outputs across different problem types.
DTT performs most reasoning implicitly in latent space, generating relatively concise outputs compared

to traditional CoT. We present representative examples showing both successes and failures.

4.3.4.A GSMB8K: Mathematical Word Problems

Success Case

GSMB8K Success

Query: John fills a 6 foot by 4 foot pool that is 5 feet deep. It costs $0.1 per cubic foot. How much
does it cost?

DTT Response: Volume is 6 * 4 * 5 = 120 cubic feet. Costis 120 * 0.1 = #### 12

Analysis: DTT correctly calculates volume and applies the cost multiplier, using only 18 tokens
versus CoT’s typical 35-40. The model identifies the necessary operations without verbose ex-
planation.

Failure Case
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GSMB8K Failure

Query: Sarah has $50. She buys 3 books at $8 each and 2 notebooks at $3 each. How much
money does she have left?

DTT Response: Books: 3 * 8 = 24. Notebooks: 2 * 3 = 6. Total: 24 + 6 = 31. Remaining: 50 - 31
= ##H## 19

Correct Answer: $20

Analysis: DTT makes an arithmetic error (24 + 6 = 30, not 31) leading to the wrong answer.
Such errors account for approximately 40% of GSM8K failures, reflecting limitations of continuous
representations for exact symbolic computation.

4.3.4.B ProntoQA: Logical Deduction
Success Case

ProntoQA Success

Query: Given: (1) All jompies are wampies, (2) All wampies are stilpies, (3) Blex is a jompie.
Question: |Is Blex a stilpie?

DTT Response: Blex is a jompie — wampie (rule 1) — stilpie (rule 2). #### Yes

Analysis: DTT correctly chains two-hop transitive reasoning using only 19 tokens versus CoT’s
typical 80-90, achieving 78% reduction while maintaining correctness.

Failure Case

ProntoQA Failure

Query: Given: (1) All fribbles are gribbles, (2) Some gribbles are tribbles, (3) All tribbles are
nibbles, (4) Zax is a fribble. Question: Is Zax a nibble?

DTT Response: Zax is fribble — gribble (rule 1). Gribbles can be tribbles (rule 2) — nibbles (rule
3). #it## Yes

Correct Answer: Cannot be determined

Analysis: DTT incorrectly treats "some gribbles are tribbles" as applying universally to Zax. Such
quantifier errors account for approximately 22% of ProntoQA failures, representing a fundamental
challenge for continuous representations maintaining sharp logical distinctions.

4.3.4.C ProsQA: Complex Planning
Success Case

ProsQA Success

Query: "Is Morgan a glorphin?" (Requires 8-hop reasoning with 2 distractor branches)

DTT Response: Morgan — quilp — flomp — dral — merph — squal — glorp. Valid 6-hop path.
##H Yes

Analysis: DTT identifies a valid path using compact notation (14 tokens vs CoT’s 40-50), sug-
gesting successful implicit navigation of distractors in latent space, though we cannot verify the
internal exploration process.




Failure Case

ProsQA Failure

Query: "Is Quilbert a zondilphex?" (Requires 12-hop chain with 3 distractor branches)

DTT Response: Quilbert — mend — flox — trist — borph — quelph. Path incomplete at 6 hops.
#### No

Correct Answer: Yes (valid 12-hop path exists)

Analysis: DTT traces 6 hops but fails to discover the full 12-hop path. Such capacity exhaustion
accounts for approximately 45% of ProsQA failures, occurring when chains exceed the 124M
parameter model’s working memory capacity.

These examples reveal DTT’s characteristic profile: strong performance on moderate-complexity
problems (3-8 reasoning steps) with 50-75% token reduction versus CoT, but systematic failures due to
arithmetic precision errors (40% of GSM8K failures), quantifier confusion (22% of ProntoQA failures),

and capacity exhaustion on long chains (45% of ProsQA failures).

4.3.5 Error Analysis

To understand DTT’s failure modes systematically, we manually categorize errors on ProsQA. We sam-
ple 100 failures and classify them into: (1) Correct Path (optimal reasoning), (2) Longer Path (correct
via suboptimal route), (3) Initial Error (wrong early decisions), and (4) Wrong Target (goal misiden-
tification). Two annotators independently categorized errors with discussion to resolve disagreements
(approximate agreement rate: 82%).

Table 4.2 presents the distribution, revealing characteristic patterns.

Table 4.2: Error Type Distribution on ProsQA (mean * std over 3 runs, 100 samples)

Error Type CoT COCONUT* | GRPO-Only DTT

Correct Path | 52.5+3.8 67.0 41.714.9 54.314.2
Longer Path | 21.9£3.2 21.5 19.8+£3.7 24.1+3.5
Initial Error 18.1+2.8 8.2 30.2+4.3 17.4+3.6
Wrong Target | 7.5+2.1 3.3 8.312.8 4.2+2.0

*COCONUT values estimated from paper descriptions; direct comparison may not be fully aligned with our
annotation scheme

DTT achieves correct paths on 54.3% of problems, exceeding GRPO-Only at 41.7% (12.6 point im-
provement) but remaining substantially below COCONUT’s 67.0%. The continuous blending mechanism
enhances planning but doesn’t fully close the gap to supervised learning.

The 24.1% longer path rate shows DTT sometimes finds suboptimal solutions, slightly higher than
CoT (21.9%), indicating successful exploration with recovery but accumulated token overhead. DTT
reduces initial errors to 17.4% versus GRPO-Only’s 30.2%, demonstrating better early decision-making,

though remaining well above COCONUT’s 8.2%. The low wrong target rate at 4.2% shows robust goal
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identification.

4.3.6 Hyperparameter Sensitivity Analysis

We conduct sensitivity analysis across key hyperparameters, prioritizing central configurations due to
compute constraints. Each configuration trains for 15 epochs (versus full 20-epoch runs for main results)

to enable broader exploration within our GPU budget.

4.3.6.A Reward Function Parameter Sensitivity

We evaluate compliance weight A...,, and efficiency penalty /. by training separate models with different
values (15 epochs, 3 seeds).

Figure 4.5 shows performance across parameter ranges.

Reward Function Parameter Sensitivity
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Figure 4.5: Reward function parameter sensitivity showing performance across ranges. Optimal values are identi-
fiable but performance within £50% of optimal remains reasonable, suggesting moderate robustness.

Compliance weight shows optimal performance at A...,, = 2.0 with accuracy declining at extremes.
At low weights (0.5), structural compliance is insufficient for reliable reward computation. Excessive
weight (4.0) over-constrains generation. Efficiency penalty exhibits trade-offs, with 3. = 0.05 balancing

accuracy and conciseness. Higher penalties (0.2) over-constrain generation, reducing accuracy.
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Table 4.3: Reward Function Sensitivity (mean = std, 3 runs, 15 epochs)

Parameter | Value | GSM8K | ProntoQA | ProsQA
Acomp 0.5 22.8+2.4 | 80.3+3.2 | 78.9+3.4
Acomp 1.0 25.1+2.2 | 83.6+2.9 | 81.4+3.1
Acomp 2.0 26.2+2.1 | 84.5+2.7 | 82.1+2.9
Acomp 4.0 25.4+2.3 | 83.8+3.0 | 81.3+3.2
Be 0.02 | 25.9+2.2 | 84.1+2.8 | 81.8%£3.0
Be 0.05 | 26.2+2.1 | 84.5+2.7 | 82.1+2.9
Be 0.1 25.612.2 | 83.9+2.9 | 81.5+3.1
Be 0.2 24.1+25 | 81.7+3.3 | 79.8+3.4

4.3.6.B Learning Rate Sensitivity

We evaluate learning rate combinations spanning base rates 1e-6 to 1e-5 and gate rates 5e-4 to 2e-3.
Due to compute constraints, we trained a coarse grid (6 base x 6 gate = 36 combinations, 10 epochs
each, single seed).

Figure 4.6 shows performance across learning rate combinations.
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Figure 4.6: Learning rate sensitivity showing stable region around recommended settings (5e-6 base, 1e-3 gate).
Performance degrades outside optimal range. Coarse grid and single-seed measurements mean exact
boundaries should be interpreted cautiously.

The analysis reveals an optimal region around our recommended settings with base rate 5e-6 and
gate rate 1e-3, achieving accuracy around 25-27%. Deviations from optimal settings degrade perfor-

mance, with accuracy declining toward 20-22% at extreme combinations. The stable region shows
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approximately £+40% variation in either parameter maintaining reasonable performance, though exact
boundaries are uncertain given our coarse grid and limited sampling.

Very low base rates below 2e-6 slow adaptation excessively, while very high rates above 2e-5 risk
disrupting pre-trained representations. Similarly, very low gate rates below 5e-4 provide insufficient

gradient signal within our training horizon, while very high rates above 2e-3 cause optimization instability.

4.3.6.C GRPO Group Size Analysis

We evaluate group sizes k € {2,4,8} to identify the optimal balance between sample diversity and
computational cost. Due to memory constraints on our 4xA4000 GPUs (16GB each), k¥ = 16 was
infeasible for our batch configuration. Each group size trained for 15 epochs with 3 seeds.

Figure 4.7 presents analysis across metrics.
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Figure 4.7: GRPO group size effects showing performance trends across k=2,4,8. Diminishing returns appear
beyond k=4. Note that k=16 was not evaluated due to GPU memory constraints.

Accuracy improves from 24.1% at k = 2 to0 26.8% at k = 4 (2.7 point gain), with minimal additional
gain to 27.2% at k = 8 (0.4 points). The plateau validates that k¥ = 4 provides good balance. Training
variance decreases from 0.42 at k = 210 0.28 at £k = 4 to 0.21 at k¥ = 8, showing improved stability,
though variance at £ = 4 already provides adequate convergence reliability.

Computational overhead scales linearly with group size as expected. Training time doubles from
k = 2to k = 4, then doubles again to ¥ = 8. The efficiency score (accuracy gain per compute unit)
peaks at k = 4, justifying our configuration choice as balancing performance, stability, and computational

feasibility within our hardware constraints.

4.3.6.D Temperature Effects

We evaluate temperatures from 0.3 to 1.5, generating completions for 200 test problems per dataset per
temperature (3 seeds).

Figure 4.8 presents sensitivity analysis across metrics.

GSMB8K achieves peak accuracy around 26-27% at 7=0.7-0.8, degrading to 23-24% at extremes.

ProntoQA shows optimal performance at 7=0.6-0.7 around 83-85%. ProsQA performs best at 7=0.75-
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0.85 around 81-83%. The relatively broad performance ranges (3-4 percentage points) indicate moder-

ate robustness within optimal windows, though performance is more sensitive than hoped.
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Figure 4.8: Temperature sensitivity analysis showing optimal ranges for different tasks. Performance degrades
outside optimal ranges. Substantial variance reflects RL stochasticity and limited sample sizes (200
problems x 3 seeds).
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4.4 Discussion

Our evaluation demonstrates that Dynamic Thinking Tokens reduces the performance gap between
supervised and reinforcement learning approaches to reasoning, while achieving efficiency gains over
traditional Chain-of-Thought methods. The framework closes approximately 40-45% of the performance
gap between pure GRPO and supervised COCONUT while reducing token usage by 49-79% across
tasks, validating that continuous latent reasoning can provide both efficiency and effectiveness benefits.

However, our evaluation also reveals important limitations. The 7-15 percentage point gaps to CO-
CONUT across tasks indicate substantial room for improvement. The qualitative analysis identifies three
primary failure modes: arithmetic precision errors (40% of GSM8K failures), quantifier handling (22% of
ProntoQA failures), and capacity exhaustion on long chains (45% of ProsQA failures). These reflect
fundamental challenges in applying continuous representations to tasks requiring symbolic precision.

The mechanistic analyses reveal that DTT learns task-specific blending strategies, though with con-
siderable instability across runs and seeds, particularly for complex tasks. The entropy evolution shows
systematic uncertainty reduction, validating that latent reasoning enables progressive commitment to
solutions. The depth analysis reveals diminishing returns beyond depth 4-5, suggesting that the 124M
parameter base model approaches its capacity limits for complex reasoning.

The hyperparameter sensitivity analysis demonstrates moderate robustness within optimal param-
eter ranges (approximately £40% variation), though performance is more sensitive than hoped. This
indicates that practitioners applying DTT to new domains should expect to conduct some hyperparame-
ter tuning rather than relying on transferability of our settings.

Several methodological limitations warrant acknowledgment. First, ProntoQA and ProsQA’s synthetic/semi-
synthetic nature with defined ontologies may make results somewhat optimistic compared to open-
domain reasoning where structure is less explicit. Transfer to real-world mathematical problems or
natural logical reasoning remains to be validated. Second, our compute constraints (4xA4000 GPUs)
limited the scope of ablations and sensitivity analyses. Some configurations (particularly depth variants
and learning rate grids) used reduced training epochs or checkpoint reuse, which may underestimate
peak performance. The use of 3 random seeds provides reasonable statistical estimation but less ro-
bust characterization than larger-scale studies. Third, we could not replicate COCONUT’s full curriculum
training for direct comparison, relying instead on reported numbers which may reflect different evaluation
protocols or infrastructure.

Looking forward, these results suggest several directions for improvement. The arithmetic preci-
sion limitation motivates hybrid approaches combining continuous latent reasoning with symbolic com-
putation modules. The quantifier handling challenges suggest incorporating more structured logical
representations. Most importantly, exploring DTT with larger base models (e.g., 350M-1B parameters)

represents a critical next step to determine whether increased capacity can overcome the long-chain rea-
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soning limitations observed with our 124M model. The framework shows promise but remains substan-
tially below state-of-the-art supervised systems, with non-trivial sensitivity to hyperparameters, training

stochasticity, and architectural capacity constraints.
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5.1 Summary of Contributions

This research introduced Dynamic Thinking Tokens (DTT), a framework integrating continuous latent
space reasoning with Group Relative Policy Optimization for efficient, autonomous reasoning in large
language models. Our key contributions include: (1) a fully differentiable continuous hidden state mod-
ulation mechanism that eliminates discrete mode transitions through learnable blending operations and
specialized gating; (2) the first successful integration of continuous latent reasoning with GRPO, creat-
ing an end-to-end trainable system that discovers effective reasoning strategies without explicit super-
vision; (3) comprehensive evaluation demonstrating 49-79% token reduction versus Chain-of-Thought
while closing approximately 40-45% of the gap between pure RL and supervised approaches, achieving
26.8% on GSMB8K, 84.9% on ProntoQA, and 82.7% on ProsQA.
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Our mechanistic analyses revealed task-adaptive blending strategies with systematic entropy reduc-
tion during reasoning, progressive refinement across layers, and diminishing returns beyond depth 4-5
for our 124M parameter model. These insights advance understanding of how continuous latent reason-

ing operates and illuminate architectural principles enabling stable latent-space exploration.

5.2 Limitations and Future Directions

While DTT shows promising advances, important limitations remain. The 7-15 percentage point gaps to
supervised performance reflect three primary failure modes: arithmetic precision errors (40% of GSM8K
failures), quantifier handling issues (22% of ProntoQA failures), and capacity exhaustion on long chains
(45% of ProsQA failures). These limitations suggest future directions including hybrid architectures com-
bining continuous and symbolic computation, structured logical representations, and scaling to larger
models (350M-1B+ parameters).

Training instability remains a challenge, with 2-3 percentage point standard deviations across runs
and continued fluctuations in blending dynamics even in late epochs. Future work should explore adap-
tive KL penalty schedules, entropy regularization, and curriculum learning strategies. The semi-synthetic
nature of ProntoQA and ProsQA may produce optimistic results; validation on naturalistic reasoning
tasks is needed. Better analytical tools for understanding latent reasoning processes and clarifying rela-

tionships between continuous and symbolic reasoning would inform more robust hybrid system design.

5.3 Broader Impact and Concluding Remarks

This research advances practical deployment of reasoning in resource-constrained environments. DTT’s
49-79% token reduction translates to reduced latency, lower memory usage, and decreased energy con-
sumption—critical for mobile applications, edge computing, and large-scale deployment. However, iden-
tified limitations indicate current implementations should not be deployed for high-stakes applications
requiring guaranteed correctness. The framework performs best on moderate-complexity problems (3-8
steps) and requires careful domain-specific validation before deployment.

Dynamic Thinking Tokens represents a significant step toward computationally efficient, autonomous
reasoning by successfully integrating continuous latent operations with reinforcement learning. Our work
demonstrates that latent space reasoning offers a compelling alternative to token-based approaches, re-
ducing computational overhead while maintaining or improving performance. Nevertheless, substantial
gaps to supervised methods, identified failure modes, and training instabilities make clear that this re-
mains a challenging research frontier.

We view this work as a meaningful contribution to an ongoing research program rather than a defini-
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tive solution. By providing detailed architectural specifications, comprehensive evaluation, mechanis-
tic analyses, and honest characterization of limitations, we aim to enable future researchers to build
upon our insights. The pursuit of efficient, autonomous reasoning continues to be one of Al's most
important challenges. Our framework demonstrates that progress is possible through architectural in-
novation while highlighting the substantial work that remains, catalyzing further exploration of hybrid

latent-reinforcement paradigms toward Al systems that reason effectively, efficiently, and reliably.
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